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THE MECHANICS OF SHEAR FAILURES ON CLAY 
SLOPES AND THE CREEP OF RETAINING WALLS 


By CHARLES TERZAGHI, Research Consultant, United States Bureau of Public Roads 


Experience shows that the slides which occur on 
slopes formed of cohesive earth never take place along 
planes but along cylindrical surfaces with a very con- 
spicuous curvature. The slides illustrated in Figure 1 
may serve as example. The profiles were copied from 
the classical report of the Swedish Geotechnical Com- 
mission on slides which occurred at various places along 
Swedish railroads (/6).1. Figure 2 shows the cross 
section through a slide which in February, 1918, de- 
stroyed 600 feet of a retaining wall at Wembly, along 
the 4-track main line of the Great Central Railway 
in England. The maximum depth of the cut was 80 
feet and the maximum height of the retaining wall was 
30.5 feet with a maximum thickness at the base of 14.5 
feet. The underground consisted of ‘‘soft clay.” 
From the cross section (fig. 2) if seems probable that 
the sliding surface passed beneath the base of the wall 
and intersected the surface at a point beyond the foot 
of the wall. The clay slides along the slopes of the 
Hudson River between Albany and Kingston are also 
distinguished by the strong curvature of the sliding 
surfaces. 

This curvature distinguishes the ‘‘shearing slides”’ 
from the detritus slides which commonly occur in West 
Virginia, Ohio, and in southern Pennsylvania (11) 
and which can be described as simple flow phenomena, 
caused by a temporary decrease of internal friction. 
Wherever these detritus slides occur in a typical form, 
they remind one of a skin which starts to peel off the 
surface of the more stable underground, the thickness 
of the skin being very small as compared with the 
length and width. Thus, at the detritus slide of Waeg- 
gis in Switzerland, a slide very closely related to those 
of West Virginia, the width of the moving section of the 
skin was about 3,000 feet, its length was several hun- 
dred feet, and its thickness was not more than about 
20 feet. No such proportions are conceivable in con- 
nection with a shearing slide, which represents plain 
rupture rather than a phenomenon of flow. 

Hence, whenever investigating the possibility of the 
occurrence of shearing slides (in contrast to detritus 
slides or skin movements) along clay slopes, or the 
stability of retaining walls back filled with clay earth, 
we are obliged to take the curvature of the sliding sur- 
faces into account; that is, to replace the traditional 
procedure based on Coulomb’s principle (prism of 
maximum thrust, limited by a plane sliding surface) 
by other methods. 


THEORIES OF CURVED SLIDING SURFACES CAN BE APPLIED FOR 
SEVERAL PURPOSES 


The theories can either be applied to the study of 
the conditions of equilibrium of sections where slides 
have already occurred or to the design of the cross 
section of fills or cuts which have not yet been con- 
structed. In the first case, the coefficients required to 
make the analysis can be computed from the dimen- 
sions of the mass of earth which has moved out, and 
from the shape of the sliding surface. The procedure 
in obtaining these data will be described in the following 





1 Italic numbers in parentheses refer to bibliography at end of article. 
82460—29 


parts of the paper. In thesecond case, we are obliged to 
estimate the values of these coefficients either from 
previous experience with similar materials or from the 
results of tests performed with the materials in the 
laboratory. 

Sometimes an engineer or a foreman with local expe- 
rience can tell, with a fair degree of accuracy, the height 
at which a certain material exposed in a test pit will 
stand vertically without any support. But their judg- 
ment is apt to be unreliable when it comes to estimating 
the critical height for a slope of 1:1 or 1:2, as shown 
by a great number of slides which actually have oc- 
curred along such slopes. In a case of that kind we 
can derive the coefficients required for computing the 
critical height of inclined slopes from the critical height 
of a vertical slope. A third application is in comput- 
ing the factor of safety of slopes in places where a slide 
would be apt to cause severe damages to adjoining 
properties. 

The coefficients required in computing the degree of 
stability or the factor of safety of slopes are the coeffi- 
cient of internal friction, tan ¢ (tangent of the angle ¢ 
of internal friction), and the coefficient of cohesion, ¢ 
(shearing strength per unit of area, at a surface pressure 
equal to zero). 


FRICTION AND COHESION DISCUSSION 


Before engaging in a discussion of friction and cohe- 
sion it seems essential to agree on the exact meaning 
of these terms. Assume that it is desired to determine 
the resistance to movement of a prism (fig. 3) of earth, 
JKLM, along some plane, CD, within an embankment. 
The resistance to movement is a combination of forces 
due to cohesion and internal friction. The cohesion is 
due to the attraction existing between the individual 
soil grains and is independent of the pressure acting 
upon the surface under consideration. It is a constant 
value for any unit area within the embankment if the 
material is uniform. 

The internal friction is caused by the resistance to 
soil grains sliding over each other and varies with the 
pressure upon the sliding plane. As a result of labo- 
ratory experiments the frictional resistance to sliding 
of an earth prism has been plotted against the load on 
the sliding plane and found to result in a straight-line 
relation. The slope of this line (coefficient of internal 
friction) is the ratio of sliding resistance to pressure 
upon sliding surface. The angle of which this slope is 
the tangent is called ¢, the angle of internal friction. 


Let c=cohesion per unit of area of a sliding surface 
or the coefficient of cohesion, 


n=normal unit pressure on sliding surface, 


t=shearing resistance (cohesion and friction com- 
bined) per unit of area corresponding to a 
given value of n. 


In Figure 3 let n represent the unit pressure normal 
to the plane CD due to the weight of JKLM. 


Then f=c+n tan ¢. 
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CLAY AND OTHER SOFT MATERIALS, UNDISTURBED. 
CLAY AND SOFT MATERIALS, MOVED OUT. 
ARTIFICIAL FILL UNDISTURBED. 

ARTIFICIAL FILL MOVED OUT. 
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The term ‘‘critical height” indicates the maximum 
height of a slope (vertical distance between foot and 
crest) at which the slope is still stable. Increasing the 
height beyond this maximum value will cause a slide 
to occur. 

For perfectly cohesionless material (clean dry sand 
or the like) the angle of internal friction depends to a 
large extent on the density of the structure. For high 
densities its value appreciably decreases with the pres- 
sure while for low densities the effect of the pressure 
on the value of the coefficient of internal friction is 
very small. The tangent of the so-called ‘‘angle of 


repose”’ is slightly greater than the angle of internal 
friction for very loose material and slightly smaller than 
the smallest value of the angle of internal friction of 
the dense material.?, Hence the critical height of any 
slope is equal to infinity, provided the structure of the 
material is fairly dense and the inclination of the slope 
is equal to or smaller than the angle of repose. 

For practical purposes, one usually assumes the angle 
of internal friction, ¢, to be independent of the pressure 





2 These results were obtained from tests recently made at the Massachusetts In- 
pees of Technology under the supervision of the writer and they wiil be published 
elsewhere. = 
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Figure 3.— DIAGRAM FOR USE IN EXPLAINING TERMS USED 


and equal to the angle of repose. On this assumption, 
on any plane through a cohesionless material the re- 
sistance against lateral displacement is equal to 


t=n tan ¢ per unit of area, 


where n is the normal pressure perpendicular to the 
surface. This relation represents the basis of all the 
earth pressure theories dealing with cohesionless mate- 
rials. Since the angle of repose can easily be deter- 
mined, the study of the equilibrium of cohesionless 
materials does not involve any principal difficulties. 

For cohesive materials the resistance, ¢, against lateral 
displacement along an interface can be expressed ap- 
proximately by Coulomb’s term 


FSGS 3 Dal EO ae (1) 


where ¢ is the cohesion per unit of area. However, in 
this case the value, ¢, is very much more difficult to 
determine than for cohesionless materials, because for 
materials with even a trace of cohesion, the ‘‘angle of 
repose”’ has no relation to the angle, ¢, and may, for the 
same material, be very different, depending on the 
height of fill. For a cohesionless material, a given 
slope is either stable or unstable, regardless of its 
height. 

In contrast to this, for materials with cohesion the 
maximum angle at which a slope can stand without 
any support rapidly decreases with increasing height. 
The value ¢ can be determined only indirectly as from 
the results of friction tests or by computation from the 
cross section of slides and from the position of the 
sliding plane. Many accidents have been caused by 
assuming the inclination of slopes of cohesive materials 
as the angle of internal friction. 

The difficulties are still greater in defining and de- 
termining the value c, because this value depends to a 
marked degree on the water content of the material. 
For the same earth, the cohesion increases with de- 
creasing water content. <A third complication is caused 
by the fact that the coefficient of internal friction, 
tan ¢, of a cohesive material is very different depending 
on whether the water content of the earth has or has 
not an opportunity to adapt itself to changes in pressure. 
This can easily be demonstrated by the following tests: 
Suppose we fill two identical containers with identical 
clay samples and subject the samples to a shearing test 
under identical pressure. If one of the two samples is 
placed between sand filters so as to furnish free escape 
of the excess water while the other sample is sealed off 
water-tight, the test on the first sample leads to a much 
higher shearing value than the test on the second one, 
provided the first sample was tested after the water 
content had been allowed to adapt itself to the change 
in pressure. 

Many of the leading investigators, among them W. 
Fellenius (4) simply disregard Sail these existing com- 
plications. Such procedure may seem convenient for 
practical purposes, yet it eliminates the incentive for 
more profound research and it leaves us in doubt as 
to the degree of accuracy of our computations. Hence 
it seems preferable to get, first of all, a conception of 
the true conditions, and to make the simplifications 
afterwards with the reservation to modify the proce- 
dure as our knowledge increases. 


RELATION BETWEEN PRESSURE AND RESISTANCE INVESTIGATED 


According to the results of compression tests. per- 
formed at Massachusetts Institute of Technology on 
clay specimens subjected to various conditions of in- 
ternal and external stress, the relation between the 
pressure, m per unit of area, and the resistance, ¢ per 
unit of area, against lateral displacement along this 
area should, for a fat clay, be approximately as shown 
in Figure 4. When plotting this diagram it was as- 
sumed that at the outset the water content of the clay 
was equal to the liquid limit and, as a consequence, its 
cohesion practically equal to zero. It was also assumed 
that the water content could adapt itself to the changes 
in pressure; that is, with increasing pressure the water 
content could decrease, and with “decreasing pressure 
the water content could increase. 

On gradually raising the pressure from 0 to 7, the 
resistance against lateral displacement increases in 
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direct proportion with the pressure, as it does for a 
cohesionless material (straight line OP,); subsequent 
reduction of the pressure from n, to 0 causes the value 
of t to decrease according to the curve P,Pe,, and the 
effect on ¢ of a following increase of the pressure from 
0 to nz will be represented by a curve ¢,P,. The two 
curves P,Pc,; and c,P, are far from being identical. 


They form a hysteresis loop and for the same pressure, 


UNIT SHEARING RESISTANCE & 











UNIT PRESSURE 7% 


Figure 4.—RELATION BETWEEN PRESSURE PER UNIT OF 
AREA, 2, AND RESISTANCE PER UNIT oF AREA AGAINST 
DISPLACEMENT, ft 
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BETWEEN n AND t ACCORDING TO 
Dr. H. Krey 


Figure 5.—RELATION 


n, two different values, ft, are obtained depending on 
whether the pressure, n, was approached from the right 
or from the left. The value of ¢ represents the cohe- 
sion produced by the temporary application of the 
pressure n;. The greater the pressure, 7,, the greater 
the value ¢,. Yet, even for very high pressures, a cer- 
tain value of ¢ can not be exceeded (maz) because the 
value, c, approximately increases with the density of 
the material, and for very high pressures the increase 
of density produced by an increase in pressure is very 
small. If, at the state represented by point c,; in 
Figure 4, we prevent the material from giving off any 
water under the influence of a subsequent increase of 
the pressure we seem to obtain a straight line ¢,W, 
forming with the horizontal axis an angle ¢”. The 
maximum value of ¢ is, for ordinary clays, about 2 
kilograms per square centimeter. 

Figure 5 represents the relation between n and ¢ 
according to Dr. H. Krey, of Berlin (10). The straight 





lines W, to W,; determine the resistance against lateral 
displacement for the water contents W,, W:. . . Ws, pro- 
vided the water content remains unchanged during the 
test. On the other hand, if starting with a very soft 
state and allowing the water content to decrease with 
increasing pressure, the resistance is said to increase 
according to the line AB. Although there is some 
difference between the curves of Figure 4 and Figure 5, 
which were derived independently by different methods, 
yet as far as some of the essentials are concerned both 
conceptions agree and both of them show that formula 
(1) can be considered only as a radically simplified 
expression of rather complicated facts. 

A considerable part of the uncertainty which still 
prevails in this field is due to confounding the angles 
¢’ and ¢’’ of Figures 4 and 5. As a matter of fact, in 
most of the papers published on this subject no allu- 
sion is made to the wide range through which the angle 
of internal friction may vary for exactly the same 
material. To prevent any misunderstanding in this 
respect, we will define the limiting values ¢’ and ¢$”’ as 
follows: 

¢’ is the angle of internal friction which would be 
obtained by making a friction test on a very soft 
sample with insignificant cohesion and proceeding from 
low toward higher surface pressures, allowing the 
excess water to drain away before the friction value 
is measured. 

¢’’ is the angle of internal friction which is obtained 
by making a friction test on a sample of stiffer con- 
sistency and without making provision for the free 
escape of the excess water. 

EXPERIMENTS HAVE RESULTED IN A GENERAL CONCEPTION OF 
VALUES FOR COHESION AND FRICTION 

In practice we usually have to deal with clay deposits 
which have appreciable cohesion and which, in ad- 
dition, do not contain any excess water. In order to 
obtain information on the values ¢ and c¢ for such a 
material, the friction test should be performed on per- 
fectly undisturbed samples, and provision should be 
made for the excess water to drain away. ‘The result 
of such a test would correspond to the curve ¢,P»: or 
cP; of Figure 3, and according to the same figure the 
value of ¢ derived from the test results would not be 
identical with either ¢’ nor with ¢’’.. Because of ex- 
perimental difficulties no tests have been made up to 
the present time which have strictly conformed with 
the requirements indicated here. On the other hand, 
the considerable number of experiments performed in 
this field, using widely different methods, result in a 
general conception of the values for cohesion and 
friction for the principal types of cohesive earth. 

The existing methods for determining these values can 
be divided into three groups: Measuring the resistance 
against shear by simple pull (Jacquinot and Frontard, 
W. Fellenius, A. L. Bell, H. Krey, H. Chatley, Charles 
Terzaghi, and others); measuring the resistance against 
shear by rotation (Foundation Committee of the Amer- 
ican Society of Civil Engineers, G. Gyldenstein, and 
others)?; and computing the values of the coefficients 
from the original cross section and from the shape of 
the sliding surface of earth slides (W. Fellenius, H. 
Knoke). 





4’ Progress report of the special committee to codify present practice on the bear- 
ing value of soils for foundations, Proceedings of the American Society of Civil 
Engineers, vol. 46, No. 6, August, 1920, and vol. 48, No. 3, March, 1922. 
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In most of the tests included in the first two groups 
the coefficients were determined while the water content 
of the material remained practically unchanged, the 
values of ¢ thus obtained corresponding to the angles 
¢’’ of Figures 4 and 5. On the other hand, the tests 
by the writer were made in such a manner as to give 
values of 9’. Comparing friction values resulting 
from laboratory tests with values indirectly com- 
puted from the shape of sliding curves, it seems that 
the difference between the values rise! and the values d, 
on which the stability of clay slopes actually depend, 
Hence in 
the following sections of this paper the two values ¢ 
and ¢’’ are considered identical, although it is empha- 
sized that this procedure represents a crude approxi- 
mation merely warranted by the present lack of a 
more profound knowledge of the subject. The investi- 
gations conducted for the purpose of diminishing the 
uncertainty concerning the values ¢ and ¢ are still under 
way, and the results will be published as soon as the 
tests are terminated. 

Table 1 gives a summary of the coefficients ¢ and ¢ 
determined by various experimenters for different kinds 
of soils. These data have been used as the basis of an 
attempt to condense our present knowledge of the values 
of c and ¢ for the principal types of soils, the result of 
which is presented in Table 2. More accurate data can 
not be presented as yet. 


THEORIES OF THE EQUILIBRIUM ALONG CYLINDRICAL SLIDING 
SURFACES PRESENTED 


Figure 6 represents a cross section of a slope of a mass 
of cohesive earth with an angle of inclination, 7. If the 
height of slope, h, exceeds a “certain critical value, hy, a 
slide occurs as shown in the figure. One of the princi- 
pal objects of stability computations is the determina- 
tion of the critical height, h;, when the values 7, c, and 
@ are known. If a theory successfully serves this pur- 
pose, it may also be used in connection with any other 
stability problem concerning cohesive soils. The prob- 
lem is too complex for accurate solution and the com- 
putations must be based on certain simplifying assump- 
tions. One of these assumptions, in common with all 
the different theories, concerns the validity of equation 
(1). According to the nature of the other assumptions, 
we may distinguish between the French method of 
attack (Résal, Frontard), Becker’s attempt, and the 
Swedish method (Petterson, Sven Hultin, Fellenius, 
etc.). 














Figure 6.—DIAGRAM SHOWING CooRDINATE SysTEM USED BY 
FRONTARD AND SLIDING CURVE DERIVED 
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TABLE 1.—Values of c and ¢ for cohesive materials 
CLAYS 
y 4 
cin metric | 

Experimenter and method Description of the soil tons per | ’ 

foe cas 

1. Jacquinot and Front- | Loam, very humid________-- 1. 938- 2.19 | g° 
ard, sliding test, (14). | Loam, fairly dry_-----____-- | 2. 61- 3.90 8° 40’ 

From collapsed earth dam__| 1. 80- 2. 68 | 10° 20’ 

2. Whangpoo  Conserv- | Blue, greasy mud___-__.___- J, 12 9° 20’ 
ancy District, sliding 
test (15). 

3. Foundation Com. Am. | Kentucky ball clay, water |24. 5 -28.0 5° 40’— 7° 30 
Soe. of Civ. Eng., ro- content 10 per cent. 
tating device. Kentucky ball clay, water |35.1 -37.8 4° 30’— 5° 40’ 

content 25 per cent, | 
Kentucky ball clay, water | 1.4 -— 1.54 | 0° 16’— 0° 20’ 
content 39.54 per cent. | 

4. A. L. Bell, sliding test | Very soft puddle clay-_-___-- oid 0° 
@)r soft puddle clay__-_.__.._-- 3. 20 8° 

Moderately firm puddle clay_ bse 5° 
Stitt Clay-see ster ee 7:50 |i ve 
Very stiff bowlder clay_____- 17. 20 16? 

5. J. H. Griffith, shearing | Fairly stiff yellow clay, | 2.14- 3.38 () 

test. natural state. | 
Fairly stiff plastic blue clay, | 1. 79- 2. 538 (1) 
natural state. 

Gauclaspeberzechinshding |) Bure mud... 2 nee wee Ee ee eee 13°-16° 
test, provision made | Fat blue clay____.-..-------- peas» 14°—22° 
for the escape of excess | Sandy clay____-__--_----_--- | cies Pilea 7 22°-27° 

water (17). | 

7. W. Fellenius, computed | Soft clay..__-__.-...------_- 12254 4° 
from landslide (4). 

Sa Vie Helens Slidinen| Clayed anna sos 2 jeeee en Seal 4° 30’ 
test. 

9. Gyldenstein, rotating | Clay, harbor of Gotenburg, | .19 | 9° 30’ 
device. depth of 9 meters, water | 

content 43 to 45 per cent. 
10. J. Resal, from general | Wet soil or hand compacted_} WY, | 
experience with fills | Almost dry______-__.___-_--_- 35/6. || 8° 
(14). Very thoroughly compacted_) 3.6 — 6 | 
SAND AND GRAVEL 
11. Whangpoo Consery- | Blue mud from Lunghua___- Dark: 30° 10/ 
ancy Board, China, | Sandy mud, Yangtze fore- 2.0 30° 10’ 
sliding test (14). shore, 
Mud, Pootung point____---- 145) 28° 00’ 
12. H. Knoke, computed | Cemented gravel____________| 4.7 3be 
from existing slopes | Dense sand and gravel mix- De i Boe 
(8). ture. 
Very dense mixture of sand 5.2 40° 
and gravel. 











1 Not determined, 
TABLE 2.—Average values of c and $ 












cin metric | ,. : 

Mr : _.. |cinpounds| ¢in 

Type of soil ee per sq. ft. | degrees 
MMOS tua cla yee eee ae ee Se ee 0.5 100 0 
ViGiyi SOL Clay ie sete eee ae ee ee ree Pre reie = ene See 1.0 200 2 
Soli clay 32 52s eC ee ee a eS 2.0 400 4 
IVEGOIUIT Cl ayia eee ee en Oe ee 5.0 1, 000 6 
Shively = = (has) 1, 500 8 
IMU yc SaiG eee ee ee 2.0 400 30 
Very dense sand and gravel 5.0 1, 000 34 














The French investigators based their theory on the 
equations which express the conditions for the equilib- 
rium for a very small prismatic element ABC of Figure 
6, whose base forms part of the sliding surface OE (14). 
The fundamental assumption was that the stresses, q¢ 
(produced by the weight of the earth located above 
AC), and r (lateral pressure) are conjugate stresses, 
This assumption is also found in Rankine’s earth pres- 
sure theory, and the results furnished by the theory 
are as correct or erroneous as this assumption. ‘The 
stress per unit of area acting on the side AB of the 
element can be resolved into a tangential stress, f, 
acting along the surface AB, and a normal stress, n, 
acting perpendicularly to it. The forces which resist 
a lateral displacement along AB are, 4 


AB GEE bAll ld yee eee eee (2) 


The French investigators determined the position of 
the element AB by introducing the condition, 


t—7 tan ¢6=mMaximum._-__.__..-* (3) 
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regardless of the absolute value of this maximum. 
Later in the paper it will be shown that this procedure 
leads to certain inner contradictions concerning the 
conditions of equilibrium along the sliding curve. The 
general equations for the equilibrium of ABC combined 
with equation (3) lead to 


—q cos (a—1) sin (a—-7+¢) 
+r sin a cos (a+¢)=c cos 7 cos ¢__-(4) 
and, 
—q cos (2a—21+¢) +r cos (2a+¢) =0_----- (G) 


These two equations determine for any point, A, of 
a mass of cohesive earth the angle, ¢, formed between 
the slope and the tangent AB to the sliding surface at 
the point A. Since for every other point of the curved 
sliding surface, the angle formed between the slope 
and the tangent to OE should also be equal to a, the 
differential equation of the curve OE is 


Résal did not succeed in solving this equation, and 
derived an approximate formula for the critical height, 
wherein he assumed the critical height to be equal to 
one-half of the critical height one would obtain if he 
assumed a plane sliding surface instead of a curved one. 
His formula is 

> sin 
ie (7) 


Rag? 
A sin? 


wherein A is the weight of the earth per unit of volume: 

Several years after this formula was published; 
Frontard (5, 6, 7) succeeded in solving the differentia 
equation (2). He selected an oblique coordinate sys- 
tem as shown in Figure 6, the two axes forming with 
each other an angle, 90° —7, and obtained the following 
equation for the sliding curve by integration. 


_-ecos tant (Xo cosi+cos $sin No —A cosi—cos dsin d) 


Asin (i— o) 4/sin (i — $) sin (i +¢) 





eels) 





and . 
ya foo gtani [sin ¢ 
Y~ Asin G—¢) sin @+¢4)| tan i 





— sin (t— ¢) sin (i +4) sin A+cos i cos d ae) 


wherein \ and \, are auxiliary angles with the values, 


r sin 2+sin @ i-—¢ 
(80S ee eh, 
2 ve i—sin $ vn (« 2 


Xo __ /sin i+sin ¢ z-3) 
ERE = Racine tee & 


Frontard demonstrated in addition that the sliding 
curve OE of Figure 6 consists of two branches with 
different properties. From O to D’ the sliding surface 
represented by the curve OD’ is under pressure, while 
from D’ to E the normal stress consists of tension (value 
of n negative). Every cohesive soil will crack sooner or 
later if there is tension, and Frontard concluded the 
critical height h, of the slope is equal to the difference in 
elevation between O and D. Equations (8) and (9) 
together with the condition that the normal stress acting 
on the sliding surface changes at the point D’ from 
pressure to tension results in the equation: 
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h _2csin?2 cos | _—scos 
1A sin ((—¢) | sin 2 (1-sin ¢) 
4 sin? 7—sin ¢ 
md eee Sint (U=* Sin. o)0 | a eee eee (10) 
sin (i— $) sin (i +4) 
The distance DD’ is equal to 
AD Ry GN 
a tan a (11) 


From a mathematical point of view Frontard’s solu- 
tion is excellent. However, by introducing the funda- 
mental assumption that the stresses, gq and r (fig. 6), 
are conjugate stresses, the problem became overde- 
termined and there was no possibility of introducing 
the very essential condition that the forces acting on 
the wedge ODE are sufficient to overcome the resistance 
acting along the plane OD’. Without noticing or men- 
tioning this fact Frontard arrived at a curve which 
fulfills all the essential conditions required for a sliding 
surface except the one that the forces acting on the 
earth above the surface are sufficient to produce the 
movement. The importance of the discrepancy be- 
tween the acting and the resisting forces is illustrated 
by a numerical example. Assume a material with the 
coefficients c=1,950 kilograms per square meter, 
A=1,720 kilograms per cubic meter and ¢=8°, cor- 
responding to a fairly soft sandy clay. We wish to 
determine the critical height for a slope of 2:1 (tani=0.5, 
1=26° 34’). 

Résal’s formula (7) furnishes the value: 


_ 1,950 sin 26° 34’ cos 8° 
min 720 Sil, tee 


From Frontard’s equation (10) we obtain h,=8.3 
meters, which is less than half of the value furnished by 
formula (7). In order to investigate whether the forces 
acting on Frontard’s sliding surface are sufficient to 
produce a slide, we first used the formulas (8) and (9) 
for plotting the sliding surface (fig. 7). AtO the tangent 
to the sliding curve forms an angle with the slope of 
a Deets 
from equation (11) should be identical with the one 
computed from equation (9). The sliding curve is a 
deformed cycloid not very different from a circle. 
Above the point D’ the soil will crack, and, according 
to Frontard, the maximum height the slope can have 
without sloughing is equal to the elevation of D 
above O. 

In order to determine if the weight of the body ODE’ 
is sufficient to overcome both the friction and the 


hy =19.29 meters 





and for the point D’ the ordinate computed 





Ficure 7.—S.LIDING CURVE DERIVED BY FRONTARD’S MrtHop 
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cohesion along OE’, the wedge was divided into slices 
one of which is shown in the figure. The weight of 
each slice was assumed to be Q. These weights were 
resolved into tangential components, 7’, and normal 
components, JN. The force which tends’ to produce a 
movement parallel to the slope is equal to 27 cos a. 
The force which resists the movement is composed of 
two parts. One of these parts is equal to the sum of all 
the components of the frictional forces, N tan ¢, or 
equal to 2N tan ¢ cos a=tan ¢2N cos a. To compute 
the second part (resistance due to cohesion) we divide 
the are OD’ into short sections with a length As. 
Along each one of the sections, As, there is a resistance 
due to cohesion, equal to cAs. The component in the 
direction OD is ‘equal to cAs cos a, and the sum of all 
these components is YceAs cos a=cZAs cos a. From 
Figure 7, it is obvious that DAs cos a=OD”. Hence 
the total resisting force is equal to 


OD’c+tan o=N cos a. 


The numerical computation disclosed the fact that 
the driving forces amount to 34.3 tons per meter of 
width, while the resisting forces are equal to 46.8 tons. 
Hence, the resisting forces exceed the driving forces by 
36 per cent. Due to this inner contradiction caused 
by the fundamental assumptions, Frontard’s solution 
can be appreciated only as a mathematical achieve- 
ment. On the other hand, Resal’s equation is not 
backed by sufliciently convincing arguments to make 
it acceptable for practical purposes. 

Another attempt to derive the equation of the sliding 
curve was made by G. F. Becker in the Report of the 
Committee of the National Academy of Sciences on the 
Panama Canal Slides (1). However, Becker’s theory 
includes several misinterpretations of the laws of 
applied mechanics, one of which upsets the validity of 
the first and fundamental equation of the theory. 

Since none of these theories are practical, let us con- 
sider the Swedish method, the fundamental principles 
of which were conceived by K. E. Petterson. This in- 
vestigator did not attempt to derive the equation of 
the sliding curve. He assumed that the sliding curve 
is an are of a circle, which is in sufficiently satisfactory 
agreement with what we know from experience, and 
confined himself to a computation of the resistances (co- 
hesion and friction) required to prevent a movement 
due to gravity along the cylindrical sliding surface. 
The method has the obvious disadvantage—that 
neither the center nor the radius of the are along which 
the danger of movement is a maximum can be deter- 
mined by a direct method of computation unless the 
conditions of the problem are very simple (uniform 
slope, homogeneous material). Yet, at present, the 
method seems to be the only one which gives satisfac- 
tory results. Contributions by Sven Hultin, W. Felle- 
nius, and H. Krey, have eliminated the shortcomings 
of the method to a point where there are no serious 
obstacles to its practical application. 


EFFECT OF INTERNAL FRICTION ON THE POSITION AND THE CURVA- 
TURE OF THE MOST DANGEROUS SLIDING SURFACE 


The relation which exists between the radius of cur- 
vature, the position of the center of the sliding circle, 
the inclination of the slope, and the coefficient of inter- 
nal friction was thoroughly investigated by W. Felle- 
nius (4). The results published by Fellenius apply only 
to plane slopes terminating in horizontal planes. and 
consisting of homogeneous material. In solving sta- 


bility problems with more complicated conditions, the 
data for finding the position of the dangerous are must 
be found by trial. The data furnished by Fellenius 
makes it possible to select, at the very outset, circles 
which are fairly close to the critical one and the trial 
computations can be limited to the investigation of the 
conditions of equilibrium along a few curves. The 
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Figure 8.—D1aGrRAM For USE IN DETERMINING POSITION OF 


O WHEN a, 8, AND 7 ARE KNOWN 
following is a brief summary of the data published by 
Fellenius (4): 

(a) Soils with cohesion only (¢=0). Figure 8 shows 
the position of arcs along which the danger of sliding is 
the greatest, provided the sliding surface passes through 
the foot of the slope. However, for all slopes with an 
inclination of less than 53° the most dangerous sliding 
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Figure 9.—SHAPE OF Most DANGEROUS SLIDING SURFACE ON 
Stores oF Less Tuan 538° 


surface does not pass through the foot of the slope but 
is located as shown in Figure 9. The center of the 
critical are is in this case perpendicularly above the 
middle of the slope and its radius of curvature should 
theoretically be equal to ©. This paradoxical result 
is due to the assumption, ¢=0. According to Table 1 
the angle ¢ is rarely equal to zero and, in addition, the 
radius of curvature has but very little effect on the 
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danger of sliding along surfaces located beneath the 
slope. There is, therefore, no contradiction between 
theory and practice. 

(b) Soils with cohesion and friction. For these soils 
the resistance against sliding at every point of the slid- 
ing surface is equal to e+n tan ¢ per unit of surface 
(equation 1). Since in this case we have to deal with 
two variables, c and ¢, the results of a general investi- 
gation can only be represented by a set of curves. In 
order to determine these curves, we start our investi- 
gation on the assumption that ¢@ is equal to zero 
Based on this assumption we determine the cohesion 
required for maintaining equilibrium. This cohesion 
value is called ¢, and the centers of the circles along 
which the shding would occur are located on a curve 
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Figure 10.—D1aGraM SHOWING Metruop oF LocATING CENTER 
OF SLIDING CURVE 


KK. (Fig. 10.) The position of the centers on this 
curve obviously depends on the inclination of the slope. 
Now, let us assume that the inclination of the slope 
remains constant, for instance, 7=18° 26’, while the 
coefficient of friction, tan ¢, increases. The greater the 
angle ¢, the smaller is the cohesion required for main- 
taining equilibrium. As soon as ¢ becomes equal to 
the angle of inclination, 7, of the slope, the cohesion 
required for maintaining equilibrium becomes equal to 
zero. The cohesion values which correspond to the 
different angles of internal friction will be called ce. 

The investigations of Fellenius have led to the follow- 
ing conclusions concerning the position of the sliding 
circles for equal values of 7 but for different values of ¢. 
With increasing values of ¢ the center of the sliding 
curve (fig. 10) moves from its initial position O (¢=0, 
C=C )) up and outward toward O,, whereby the radius 
of the sliding circle increases. In the same figure, the 
dash-dotted curves show the positions of the centers of 
the sliding circles for differ ent values of ¢ and for values 
of i of 33° 41’ and 45 Since the curves on which the 
centers of the circles are located are very flat, they can, 
with a sufficient degree of accuracy, be replaced by 
straight lines. These straight lines approximately pass 

through a point C, located at a depth of 2h below the 
upper rim of the slope, and at a distance 4.5/ to the 
right of the foot of the slope, as shown in Figure 10. 
Hence, if we determine for any slope the position of 
the point C and the center O of the sliding circle for 
¢=0, we know that the center of the sliding circle for 
¢ >0 is located on the straight line CO, beyond point O. 
The position of the center O can be determined by 
means of the data presented in Figure 8. 

In order to investigate the stability of a slope with 
any arbitrary cross section formed by a material having 
an angle of internal friction, ¢, the following procedure 
is employed. 


‘the lower levels of the slope. 


(1) Simplify the cross section so as to make it conform 
to one of the standard cross sections shown in Figure 8. 

(2) By means of Figure 8, determine the location of 
the center of the critical circle O, assuming that ¢=0. 

Figure 8B shows that the position of O is determined 
by the value of the angles a, 8, and 7. If we plot the 
values of 7 as abscissas, and the values of a and £8 as 
ordinates, we obtain the curves k, and kg. (Fig. 7C.) 
Hence, the position of O for a slope with inclination 7 
may be located by the use of values of a and £ corre- 
sponding to the value of 7 as given in Figure 8C. 

(3) Determine the position of the point C (fig. 10) 
and draw the straight line CO. 

According to the preceding discussion the point C is 
located at a depth of 24 below the upper level, and at a 
distance of 4.54 to the right of the toe of the slope, h 
denoting the difference in elevation of the upper and 
(See fig. 10.) 

(4) On the basis of the data presented in Figure 10 
and from previous experience with similar graphic com- 
putations, estimate the section of OO, within which the 
center of the critical circle for the given value of ¢ 
will fall. 

(5) Within this range select several equally spaced 
points O’, O”, etc., as centers for the sliding curves. 

(6) Draw the sliding curve for each center chosen. 

(7) For each curve compute the cohesion, c, required 
to maintain equilibrium with the assigned value of ¢. 
The method of computing e will be explained in the 
next section of the paper. 

(8) The critical sliding plane is obviously represented 
by the curve for which the value of ¢ is a maximum. 

For sliding planes which do not pass through the foot 
of the slope, an increase of the value of ¢ causes the 
center of the critical circle to move toward the left and 
the radius to become smaller, as shown in Figure 11. 


ee p=0 








Fiaure 11.—Errecr or INCREASE IN VALUE OF ¢ ON LOCATION 
OF CRITICAL CIRCLE WHERE SLIDING PLANE Dors Nort Pass 
THROUGH THE Foot OF THE SLOPE 


STABILITY OF COHESIVE EARTH DETERMINED BY SIMPLIFIED 
GRAPHICAL PROCEDURE 

In order to explain the principle of graphically de- 
termining the value of ¢c, the cohesion required for main- 
taining equilibrium along a cylindrical sliding surface, 
the slice AA’B’B of Figure 6 has been redrawn in Figure 
12 on a larger scale. This slice stands under the in- 
fluence of the following forces; its weight, Q, acting 
downward, and the two earth pressures /’ and H’’, 
These three forces combined give a resultant force R’, 
Since the slice is supposed to be in equilibrium, the 
soil located beneath the sliding surface, AB, must exert 
on the slice a soil reaction equal and opposite tov ies 
This force is shown in Figure 12 as R. This reaction 
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can be resolved into a normal force N’ and a tangential 
force T’. (Fig. 12B.) Since the tangential resistance 
of the soil consists only of cohesion and friction, the 
condition for the equilibrium of the slice is, AB ¢ +N’ 
tan ¢=T". 
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Figure 12.—Grapuic ANALYSIS OF ForcES ACTING ON SLICE 
AA’B’B oF FIGURE 6 


Unfortunately, neither the direction nor the intensity 
of the forces E’ and £”’ are known. In order to solve 
the problem, it becomes necessary to introduce a more 
or less arbitrary assumption concerning the forces, LE. 
Sven Hultin assumed that, at each vertical face AA’, 
BB’, etc., the forces, /, act at the lower third and in 
a horizontal direction (9). Fellenius assumed the posi- 
tion of the force, /, for the first slice and obtained the 
data for the other ones from the condition that the 
polygon of forces for the whole system must be closed 
(4). Whatever the assumption may be, the procedure 
is rather elaborate and requires a very appreciable 
amount of time. 

However, experience has shown that the effect of the 
nature of these assumptions has but little influence on 
the final result of the computation. This is essentially 
due to the fact that the forces, /, are internal forces 
of the sliding wedge of earth which in turn leads to 
both the horizontal and vertical components of the 
forces, /’, balancing each other within the wedge. The 
sum of all vertical forces acting on the sliding surface 
is always equal to the weight of the wedge, regardless 
of what the value and the direction of the / forces 
may be. Hence, the assumptions concerning /’ merely 
influence to a certain extent the distribution of the 
vertical forces (loads) over the sliding surface. 

For these reasons, H. Krey in Berlin suggested dis- 
regarding the presence of the earth pressure, /, alto- 
gether and making the soil reaction, R (fig. 12A), equal 
and opposite to the weight, Q, of the corresponding 
slice. The effect of this simplification on the final re- 
sult may be learned from the polygon of forces shown 


in Figure 12B. Taking the forces, /, into considera- 
tion, the two components of the soil reaction are 7” 
and N’. Disregarding them, the components are 7 and 
N, respectively. In the first case, the resisting forces 
acting along the surface, AB, are ABe +N’ tan ¢; in 
the second case, ABe +N tan ¢. The difference is equal 
to (N’—WN) tan ¢. Since for one part of the sliding 
surface the difference, (N’—N), is positive, for the 
other one it is negative; the errors partially compensate 
each other and the final error is generally small enough 
to be neglected. 

To still further reduce the final error, Krey proposed 
replacing the load system which is represented in 
Figure 13 by the wedge ABC and the external force, P, 
by a body of earth, ABD/D, of equal weight but limited 
by a smooth curve without any corners. This sugges- 
tion is based on the fact that every concentrated load 
spreads over a wider area if transmitted from the 
surface to a lower level, through an intermediate layer 
of soul. Thus, in Figure 13, the load, P, will certainly 
not..produce a concentrated pressure acting on the 
sliding surface, AB, but a more widely distributed 
pressure of equal intensity. However, Krey points 
out that, in general, the final error is not important 
enough to make this procedure necessary. 

If one disregards the effect of the forces, E, on the 
pressure distribution, the stability problem consists 
merely of determining the sum of the moments R,D7’, 
which tend to produce a rotation of the wedge Aeon 
the center of the sliding curve and to determine the 
sum of the moments which resist such a displacement. 
Krey solved this problem analytically for a material 
which has no cohesion (e=0, ¢>0) and tabulated the 
numerical computations (9). 








CoHESION 


DETERMINING 
WHERE A SLIDE Has Occurrep ALONG CuRVE AB 


Figure 13.—D1aGrRamM USED IN 


However, based on Krey’s sumplifying assumption, 
the whole problem can be handled semi-graphically in 
a very simple manner, regardless of whether or not the 
material has cohesion, and whether or not the earth 
is supported by a retaining wall. The principle of the 
the procedure is illustrated in Figure 13. To make the 
case more complicated it was assumed that part of the 
slope was under water and that a concentrated load, P, 
per unit of the length of the slope, acted on the upper 
level near the rim of the slope. Let the weight of the 
earth above and below the ground water level be equal to 
A and A; per unit of volume, respectively. Assume 
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that a slide has occurred along the slope represented in 
the figure and it is desired to know the cohesion, ¢, which 
the material had at the time of the slide, the angle o 
of internal friction being known. 

In order to solve this problem, first, determine by 
means of a survey the position of the sliding surface and 
pass through the points determined by the survey an 
arc of a circle, AB. Then draw vertical lines divid- 
ing the wedge "ABC into slices with a width, b. The 
weight of each one of these slices is equal to 


Os = b(hA +h,A;). 


The weight, Q,, of each of these slices can be resolved 
into a tangential component, 7,,, and a radial compo- 
nent, N,. This operation must be graphically per- 
formed for each one of the slices. The sum, 2Q,, 0 
the weights of all the slices is equal to the total weight 
of the wedge ABC. The total cohesion acting along 
the sliding surface is ABc=Le (where L equals the 
length of the arc AB) and the total friction is equal to 
DN, tan, ¢=tan d2N,. Since the movement can con- 
sist only of a rotation of the wedge around the center, 
O, of the sliding surface, the condition for equilibrium is 
that the sum of all the moments around O must be 





equal to zero. Hence 
RYT, +Pd=(Le+tan ozN,) &, or 
o hse +PS—tan oa, 
ae L 
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Figure 14.—GRaApPHICAL DETERMINATION OF COHESION AND 
ANGLE OF INTERNAL FRICTION 


This operation is so simple that it can eastly be per- 
formed in half an hour. If both the cohesion, c, and 
the angle of internal friction are unknown, our prob- 
lems can be presented as follows: Determine the values, 
c and ¢, for which the point O represents the center of 
a most dangerous circle. In order to solve this prob- 
lem, we assign to the angle of internal friction, ¢, dif- 
ferent values, ¢,, ¢2, etc., and select several points 
O;, Os, Os, ete., as centers for different circles which 
pass through the points A and B. Then we trace these 
circles and compute for each circle the cohesion re- 
quired to prevent the slide, provided the angle of in- 
ternal friction is equal to ¢,, ¢:, etc. By plotting the 
distance between the centers of the different circles as 
abscissas and the values of c, obtained for different 
values, ¢;, ¢2, as ordinates, we obtain a set of curves, 
as shown in Figure 14. Each one of these curves pre- 
sents somewhere a maximum (C;, C:, C3) whose posi- 
tion determines the position of the center of the most 
dangerous circle. The slide has obviously occurred 
along a critical circle. Hence, the intersection C be- 


tween the dash-dotted curve C,;C,C; and the ordinate 
of O determines the cohesion, From the position of 
point, C, we learn that the angle of internal friction 
must have been slightly greater than ¢,. This is the 
general procedure by means of which Fellenius deter- 
mined the value of ¢ for the underground of the Stigs- 
bergkai in Gotenburg (4). 


STABILITY DETERMINATION ILLUSTRATED BY A NUMERICAL 
EXAMPLE 


The following numerical example is given to explain 
the details of semigraphical stability computations: 

A uniform slope with an inclination of 1: 2 (fig. 15) 
is assumed to consist of a very plastic clay (gumbo) of 
a medium stiff consistency. The water content was 
found to be equal to 50 per cent of the weight of the 
dry substance and the specific gravity of the grains 
was 2.67. The total height of the slope is 13.5 meters, 
of which 9 meters are located below the level of an ad- 
joining lake. From previous experience, it is esti- 
mated that the angle of internal friction is equal to 
or somewhat smaller than 4° and the cohesion is ap- 
proximately equal to 4 metric tons per square meter 
(about 820 pounds per square foot). Required: To 
compute the factor of safety of the slope. 

Since we are not sure as to the extent to which hydro- 
static uplift acts within a mass of plastic clay, the com- 
putation will be based on two different assumptions: 

I—Hydrostatic uplift fully active, and, 

II—Hydrostatic uplift within the clay equal to zero. 

The voids ratio of the clay is equal to 0.5 x 2.67 =1.335, 

1.335 
T+1.335> 0.57 = 57 per cent, 
the weight of soil above water (provided the voids are 
completely filled with water) A=0.43 X 2.67 +0.57 =1.72 
tons per cubic meter and below the ground water level 
= 0.43 X1.67=0.72 tons per cubic meter. The ratio 


and the volume of voids is 


x is equal to 2.39. 
1 

The first step in the investigation is to determine the 
position of O, the center of the sliding curve, assuming 
that the angle of internal friction is equal to zero and 
using the data presented in Figure 8. In this case the 
slide would occur along the curve AC of Figure 15. 
Then, the wedge ABC is divided into vertical slices 
(1), (2), etce., with a width of 4.5 meters each. In 
order to simplify the graphic procedure for Case I 
(hydrostatic uplift fully active) multiply the ordinates 
of the section A,BC of earth located above the water 


level by the ratio A= =2.4, which gives the broken line 


A,B,C,. Thus, Sift the area ABC, the area of every’ 
slice of unit depth i is proportional to the weight of each 
slice, for Case II one square meter represents 1.72_tons; 
and for Case I within the area AA,B,C,, every square 
meter is equivalent to 0.72 ton. 

In Case IT, the section AA, of the slope is acted upon 
by the water pressure which can be represented by a 
triangle AA,W. The side AW of this triangle repre- 
sents a pressure of 9 metric tons per square meter, 
which, according to the scale of the drawing is equal 
to 4.5 centimeters.‘ In order to reduce the water 
pressures to the scale in which the area ABC repre- 
sents the weights, connect point = Wy; with A,, whereby 


AWu=5 , AW=] We 


the ea rates af the water pressures acting on AA. 





9X4. 5 em. = 2.62 centimeters. 





4 Multiply dimensions of drawing by 1.81 to get dimensions of original drawing. 
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FicgurE 15.—D1IAGRAM USED IN SOLUTION OF TYPICAL STABILITY PROBLEM 


The following is a summary of the method of per- 
forming the investigation: 

(1) With the data presented in Figure 8 determine 
the position of the center O of the circle representing 
the sliding curve for a plain slope, AB, consisting of 
earth with cohesion, but no internal friction. In one 
case the slope, AB, is acted upon by water pressure and 
in addition the stability of the slope is due not only to 
cohesion but also to friction. Hence we know in ad- 
vance that O does not exactly represent the center of 
the most dangerous circle. But, since we are obliged 
to determine the position of O by trial, it is already of 
value to know that it is located in the vicinity of the 


unknown center and we start our investigation by com- 
puting the cohesion required to maintain equilibrium 
along the are AC with its center at O. 

In order to secure this information, we divide the 
area ABC into vertical strips, each one of them 4.5 
meters wide. 

(2) Determine the center of gravity of each one of 
the slices (1), (2), (8), ete. For most of them the cen- 
ter of gravity can be assumed to be halfway between 
the two vertical boundaries of the slice. 

(3) Pass vertical lines through the centers of gravity 
of the sections to determine the position of the force of 
gravity acting on the slices. These forces intersect the 
sliding curve at the points 1, 2, 3, ete. 
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(4) Since all the slices are equal in width (except the 
last one), the weights are proportional to the average 
heights of the slices. Resolve these weights into radial 
components, N, and into tangential components, 7. 
In Figure 15 this operation is shown for the point 6 
at the base of slice 6. The weight of the slice is repre- 
sented by the distances 6-6; and 6—6,;, respectively 
(for Case I and Case II, equal to the average height 
of the slice with the top b,B,; and bB respectively). 
The two components of the weight are N;, 7;, and 
Ny, Ty, respectively. 

(5) We proceed in a similar manner for the water 
pressures represented by the triangle AA;Wy;. How- 
ever, since these water pressures are small in com- 
parison with the total weight of the section ABC, 
we can replace them by their resultant, W, and resolve 
this resultant at its point of intersection with the 
sliding curve W into a radial component Nw and a 
tangential component Ty. 

(6) Assemble the results of these preliminary in- 
vestigations in a table, indicating the dimensions of 
the various forces in centimeters as measured on the 
drawing regardless of the scale. (Table 3.) In 
Figure 15 all the weights were represented by the 
average height of the corresponding slices. The width 
of all the shces was equal to 4.5 meters, except for the 
slice 10, which was 1.6 meters wide. Hence, in Table 3 
all the figures referring to slice 10 were multiplied by 


a 


the ratio The measured figures are shown in 


1.6. 
4.5 
parentheses with the derived figure below. 


TaBLE 38.—Values of N and T for soul slices of Figure 14 




















Case I Case II 
| 
Slice ie = 
| Nr Thy Nir Tit 
| | 
Centimeters| Centimeters| Centimeters) Centimeters 
| ee RTT AP Oe St oe Ti eR ees 1.14 —0.70 | 1.14 —0. 70 
y etn Tat Pere as Patek t= SAT it oe 3. 40 —1.32 3. 40 —1. 32 
De See ee 2. Pe a eee ee ee 5. 33 —1.11 6.33 —1.11 
Se oe a aa enh oy. eee 3 oe 6. 83 —.24 6. 83 —.24 
ys 4 eS Pe ke ee wee tes 8. 58 +1. 18 7. 80 +1. 07 
Gis ines eS oe a oe A ee 10. 33 3. 35 8.05 2. 60 
[Ss eS en SLi Ee ae em 9. 90 | 5. 36 | bol? 3. 83 
SOS Se eet 2 ine eee ne Ue es 7.47 6. 23 | 5. 01 4.17 
hs aeeae te he Tae ep Sey eee be 4. 30 5. 86 2. 45 3.32 
10 f (1. 42)! (3. 33) (. 50) (1. 14) 
Pe oo Sir es cice eee Sa ere \ . 51 | 18 Sie; .41 
OUaIES = Sa seee 22 BaF ie hte 57. 79 19. 79 47.31 |} 12. 03 
Total reduced to tons______- 375 128 733 186 

















In the original drawing of Figure 15 (before reduc- 
tion for publication) 1 centimeter represented 2 meters. 
Hence every centimeter of height of a slice represents 
9 cubic meters (4.521) of earth. In Case I every 
cubic meter was supposed to weigh 0.72 tons and in 
Case II, 1.72 tons. Hence every centimeter scaled off 
the polygons of forces represents in 


Case I, 9X 0.72 =6.48 tons, and in 
Case II, 9X 1.72 =15.48 tons. 


Multiplying the totals shown in the Table 3 by these 
factors, we obtain the quantities Ny, 7, etc., in tons. 
The components of the water pressure W are Nw=68 
tons and 7T\y=59.5 tons. Since the sum of the moments 
of all the forces around the center of rotation, O, should 
be equal to zero and since, in addition, all the radial 
forces, N ,produce, along the cylindrical sliding surface, 
a frictional resistance, N tan ¢, in a tangential dir ection, 
the conditions for equilibrium are, 
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for Case I, 





RYT,=RIZN, tan ¢4+#kLe, or 
paid hie tan orN, 
L 





wherein LZ denotes the length AC of the sliding curve 
and is equal to 52.3 meters. Hence 


_128—0.07 X375 





=1.95 tons per square meter; 








02.9 
for Case II, 
Teller ety DIN ey tan lvl opel Ge tan +RTy, or 
pail Boe ish ay o>Nizz— tan Nw I 
Se 18; 
_ 186 —0.07 (733 +68.0) — 59.5 
ee O20 


= 1.33 tons per square meter. 


In case the angle of friction ¢ were zero, the members 
which contain tan ¢ would disappear, and we obtain 
the following: 








ZI, 128 
Case I, ¢ Tw eO2 2.45 tons per square meter, 
yi tae 186 — 59.5 


Case IT, c== ib 523. 


= 2.42 tons per square meter. 


These figures inform us about the cohesion required 
to maintain equilibrium along the sliding curve AC. 

However, it has been pointed out that the are, AC, 
does not represent the most dangerous circle. To find 
the circle on which the danger of sliding is greatest, we 
must repeat the computation for several circles. 
According to the explanation on page 184, the center of 
the most dangerous sliding surface is located approxi- 
mately on a straight line connecting B with O. This 
rule was derived for slopes which are entirely above 
the water level but it gives at least a hint concerning 
where to search for the center of the most dangerous 
circle. 

Since shifting the center has little effect on the value 
of c, for practical purposes it seems to be sufficient to 
limit the investigation to circles with centers located 
on a line which passes through B and O. On this line, 
beyond point O, we select three trial centers O’, O”, 
and O’’’, and draw the corresponding ares AC’, AC’’, 
and AC’’’. The values of ¢ for these ares can be de- 
termined much more rapidly than for the first are. 
The procedure is shown for the slice 6. Draw through 
the point 6 a set of rays, parallel to the lines 6’ O', 
6’’O’’, and 6’’’0’’’, respectively. In passing from the 
arc AC to the ares AG’, AC’, and AC’”’ the average 
height of slice 6 has been reduced in succession by Q’, 
Q”’, Q’”’.. Since in the polygons of forces the weights 
are represented by the average heights of the slices, to 
obtain the vertical forces which act within the section 
6 on the different sliding planes, it is necessary to reduce 
the distances 6-6; and 6—6;; in succession by Q’, Q’’, 
Q’’’, thus obtaining the points 6’;, 6’’;, 6’’’;, and 67q1, 
6/’r1, 6’’’31, respectively. Resolve the forces thus ob- 
tained into their radial and tangential components N’,, 
T’, N’u, T’ 1, ete., and proceed exactly as in the com- 
putation for the are AC. 
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The results furnished by the computation are plotted 
above the line OB. Connecting the different points 
with each other by curves, we determine the position 
of the centers of those sliding curves, along which the 
danger of sliding is greatest. The two most dangerous 
sliding curves (¢=4°, Case I and II) are shown by 
heavy dash-dotted lines and are located on both sides 
of the arc AC’. The factor of safety is equal to the 
ratio between the forces which counteract the move- 
ment, and the forces which tend to produce it. Re- 
taining the figures obtained for the sliding curve AC’, 
and considering that the cohesion of the earth is ap- 
proximately 4 tons per square meter, we obtain for the 
factor of safety, S, the following: 


tan o> ZING LC 0.07°<272 4644 














Case I, S;= ST 110 7 186 
t 2NGEN eee 
hcanee= an $( Spee ) + Le 
_ 0.07 (530 +73) +46.4 x 4 —~9 08 
ve 163.0=53.3 = 


Considering the hydrostatic uplift to be active is 
the more conservative assumption. If the internal 
friction were zero (¢=0), the most dangerous circle 
would almost coincide with the are AC, and the factors 
of safety would be, 








Hem 52.3 4 a 
Case I, Si= sp = 128 1.64 
Le 52.3 X4 
GC Lees: s os =1.65 
ase yar Dat A ae fis 186.0 — 59.5 


The assumptions that the sliding surface is strictly 
cylindrical and that natural soil deposits are perfectly 
homogeneous give the preceding computations the char- 
acter of estimates. Hence no great accuracy is required 
in the numerical computations and the results obtained 
with an ordinary slide rule are sufficiently accurate. 


THEORY APPLICABLE IN DETERMINING THE EARTH PRESSURE 
AGAINST RETAINING WALLS 

The theory of stability of plain slopes may be applied 
with only slight modification to the earth pressure 
against retaining walls. For rather steep slopes of clay 
soil with the lower portion supported by a retaining 
wall, the curvature of the sliding surface is so appre- 
ciable that the theories presented in this paper can be 
applied in the stability computation. On the other 
hand, for cohesionless back fills, with either level or 
gently inclined surface, the curvature of the sliding 
surface may be neglected and computation may be 
made using Coulomb’s theory, based on the prism of 
maximum thrust, resting on a plane sliding surface. 

In applying any earth pressure theory in the design 
of retaining walls, two facts should be kept in mind and 
carefully considered. The first is that the earth pres- 
sure theory merely furnishes the lower (or the upper) 
limit of the earth pressure, known as the active (or 
passive) earth pressure. If a retaining wall is per- 
fectly rigid and provision is made to prevent it from 
moving in any direction, the pressure which acts on it 
may be called “earth pressure at rest.”? The intensity 
of this earth pressure lies somewhere between the value 
of the active and the passive earth pressure. It de- 
pends not on cohesion and internal friction, but solely 
on the elastic properties of the back fill. For this 
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reason it can not be computed by means of earth 
pressure theory. 

However, if the wall is allowed to yield under the 
influence of the pressure, the intensity of the pressure 
gradually decreases until finally a shearing surface is 
formed within the back fill and the “sliding wedge”’ 
moves down and outward. The earth pressure which 
acts against the wall at the instant before the actual 
shearing occurs is called the ‘‘active earth pressure” 
and represents the smallest value the earth pressure 
seems to assume. On the other hand, if the wall is 
prevented from yielding, and, in addition, we press it 
against the back fill, the intensity of the earth pressure 
gradually increases, ‘until finally sliding occurs along a 
slightly curved surface, the sliding wedge moving up- 
ward between the wall and the surface of rupture. 
The earth pressure which acts immediately before this 
occurs is called the ‘‘passive earth pressure.’? The 
‘earth pressure at rest’”’ differs from the active and the 
passive earth pressure in that they are independent of 
the elastic properties of the back fill and merely depend 
on the cohesion and friction values. 

From the preceding discussion it is obvious that the 
earth pressure does not assume the limiting values before 
it has undergone a more or less appreciable lateral 
expansion (or compression) associated with a yield (or 
advance) of the wall. This fact has been repeatedly 
demonstrated by experiments and is due to the uni- 
versal phenomenon that internal friction does not 
develop before the mass has undergone a certain 
deformation, comparable with the deformation required 
to put a solid body under stress. A discussion of the 
relation which exists between earth pressure and the 
yielding of the retaining wall may be found in previous 
publications of the writer (18). 

SEASONAL VOLUME CHANGES OF BACK FILL OF GREAT 
IMPORTANCE 

From a practical point of view, a second factor—the 
effect of seasonal volume changes of the back fill on 
the intensity of the earth pressure—is far more impor- 
tant than the factors just mentioned. These seasonal 
pressure variations have very little in common with 
the variation of the pressure exerted by cohesionless 
materials, due to temperature changes (3). In con- 
trast to the temperature effects which are of very little 
importance, the detrimental pressure variations are 
only apt to be encountered in those cases where the 
wall is back filled with clay soils or stone-clay mixtures 
with appreciable cohesion. Taking the cohesion of 
these materials into consideration, the earth pressure 
exerted by the back fill agamst low retaining walls 
should, according to the earth pressure theories, be 
practically zero. Yet these walls are apt to be gradually 
forced out of plumb in spite of the fact that theoreti- 
cally they are very often strong enough to stand even 
the pressure of a cohesionless back fill. This contra- 
diction has led to the conclusion that cohesion is a 
factor that can not be depended upon, and that the 
yielding of the walls is due to the cohesion temporarily 
ceasing to exist. 

This conclusion obviously is a fallacy. If cohesion is 
a factor which can not be depended upon, none of 
our road and railroad fills, consisting of clay soils, 
and very few of our earth dams would exist because 
their slopes are without exception very much steeper 
than the angles of internal friction presented in Table 
2. Cohesion is, within certain limits, as reliable a 


190 


factor as is the compressive strength of our construc- 
tion materials. Hence, if in certain cases cohesive 
4o0 fills exert earth pressures equal or even in excess 

f the earth pressures exerted by cohesionless materials 
of equal weight, the cause must be due to some factor 
other than those taken into consideration in earth 
pressure theories. 





FicuRE 16.—RETAINING WALL ON A HILL WEST OF THE 
Bosporus NortH oF CONSTANTINOPLE 


The explanation of this strange phenomenon can 
be based on the results of actual observations without 
the aid of the unwarranted hypothesis that cohesion is 
not dependable. Figure 16 shows a retaining wall 25 
feet high with simple dimensions, reinforced by heavy 
buttresses. This wall stands on a hill west of the Bos- 
porus and north of Constantinople. During the 25 
years of its existence the front part was gradually 
forced out of plumb, the crest advancing through a 
distance of about 2% feet. A piece of the wing wall 
broke off and became wedged in the upper part of the 
cleft which separates the wing walls and the front 


wall. The back fill is a cohesive mixture of stones, 
grit, sand, and clay, and there is little doubt that the 
suk ‘ 
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Ficure 17.—SKETCH SHOWING SHOVING OF Top OF RETAINING 
W ALL 


Beas could be removed without causing the back fill to 
slide. 

The retaining wall shown on the cover page (Anadoli 
Hissar, Asia Minor) is of dry masonry, affording free 
drainage, and is back filled with a material similar to 
the back fill of the wall of Figure 16. In the course of 
some thirty years, some sections of the wall had ad- 
vanced through a distance of more than 2 feet, and in 
three places it had collapsed. Figure 17 shows the cross 
section of two very low retaining walls back filled with 
cohesive material (loam soil). In this case, due to the 
very small height of the walls, there can be no doubt 
that the earth pressure which originally acted on these 
walls was equal to zero. Yet, in the course of time, 
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they underwent the important deformations shown in 
the drawing. Figure 18 illustrates the large angle at 
which a back fill stood immediately after the retaining 
wall went out. 
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Tiere 18. Sie OF Se rea ena Won 
oF RETAINING WALL 


Near the coast of the Bosporus, between Pera and 
Bebek, there is a retaining wall with a vertical face, 
well built and about 60 feet high. In one place the 
upper half of the wall had bulged, forming a projection 
about 2 feet beyond the original face of the wall. Inves- 
tigation disclosed that there was a sewer pipe buried in 
the back fill which leaked at the spot of the bulging, 
causing partial saturation of the ground. The bulging 
developed within about 20 years, because nobody was 
interested in stopping the leak. 

Instructive examples of gradual forward movement 
of retaining walls may be found on the bridge abutments 
of several highway bridges in Massachusetts. One of 
these abutments, located on the Merrimac River, has 
a height of 23 feet, is of granite masonry faced with cut 
stone, has a width at the crest of 6 feet 1 inch and at 
the base of 12 feet, is supported by piles 20 feet long, 
and is well built. The bridge was constructed 26 years 
ago in five spans of 207 feet each, with the middle span 
a draw span. One abutment moved forward gradually 
and remained approximately parallel to its original 
position. In order to keep the draw span in work- 
ing condition the draw tenders were obliged to saw 
a piece off the wooden plank flooring every summer. 
At present the abutment is separated from the wing 
walls by cracks about 3%; inches wide. Figure 19 shows 
one crack. The Annan itself shows a vertical 
crack near the center line of the bridge which seems to 
indicate that the abutment broke by bending prior to the 
separation between the wing walls and the abutment. 

On a highway bridge in the vicinity of Boston a 
20-foot abutment has advanced sufficiently during the 
last 25 years to put tension members of the bridge ‘truss 
under compression and cause them to bulge. Ina third 
case the clearance between the parapet and the steel 
pedestal of the bridge has decreased to zero since the 
bridge was erected in 1898. There are undoubtedly 
many cases of this kind, but very little or nothing has 
been published concerning this important phenomenon, 
so that the engineering profession has remained prac- 
tically ignorant of the existence of a very wide gap in 
our inowledge concerning abutments and retaining 
walls. 

There may also be a causal connection between the 
gradual advance of retaining walls and the known fact 
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Figure 19.—Crack SEPARATING ABUTMENT FROM WING WALL. 
HieHway Bripge Crossing Merrimac River, Mass. 


that the strip of fill next to the retaining wall usually 
represents a seat of trouble, caused by irregular settle- 
ments and other displacements. The writer has ob- 
served a concrete gutter located next to the crest of a 
retaining wall which cracked year after year, in spite 
of patching and repairing every summer. The cracks 
were such that they could not be accounted for by the 
shrinkage of the concrete. 

The aforementioned bridge abutments of Massachu- 
setts were amply strong to withstand the earth pressure 
even with cohesion temporarily absent. Hence, accord- 
ing to the earth pressure theory, they should not move 
at all. Since the gradual movement can not possibly 
be accounted for by the earth pressure theory, it is 
obvious that it is caused by processes other than plain 
eravity action. 


PHENOMENA EXPLAINED BY TEST RESULTS 


The phenomena become self-evident when we con- 
sider the properties connected with the cohesion of the 
back fill. These properties are, according to soil phys- 
ics, low permeability, appreciable volume changes asso- 
ciated with drying and wetting and a very considerable 
difference between the coefficients of static and hydro- 
dynamic internal friction. Every prolonged dry spell 
causes the back fiJl to shrink. Due to gravity action, 
shrinkage occurs, at least in the deeper parts of the 
back fill, in a vertical direction only. During the fol- 
lowing wet season, the back fill swells slightly and while 
swelling it exerts not the active but the passive earth 
pressure which, for a cohesive back fill, may be fifty or 
more times greater than the active pressure. However, 
due to the very nature of swelling, the passive pressure 
ceases to act as soon as the wall has yielded through a 
distance equal to the lateral expansion of the back fill. 
During the following dry season the back fill contracts 
again, without the wall returning to its original position. 
The following wet season brings an additional lateral 
yield, and so on. 

These seasonal variations of pressure are beyond the 
field covered by the earth pressure theories because 
they are caused by factors which are not considered. 
Their existence is plainly brought out by the pressure 
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FiGgurRE 20.—SEASONAL VARIATION IN PRESSURE ON CELLS 
Puacep BEHIND ABUTMENT OF SKELLIT FoRK BRIDGE 
























































cell observations made by the Bureau of Public Roads 
in 1921-1923 at the abutment of the Skellit Fork 
Bridge in Illinois (12). Plotting the cell pressure 
against the time, for the various sets of pressure cells, 
(fig. 20) the seasonal variations are clearly evident. 
Unfortunately, the paper does not contain any data 
concerning the character of the fill and the movement 
of the crest of the wall. 

Due to the physical causes of the gradual outward 
movement of retaining walls, the degree of safety of 
a wall against pure gravity pressure (active earth 
pressure according to earth pressure theory) has 
nothing in common with the factor of safety against 
gradual lateral displacement. The intensity of the 
active earth pressure (plain gravity pressure) which 
acts on a wall immediately after it has been back filled 
depends entirely on the specific gravity, the internal 
friction and the cohesion of the back fill. On the other 
hand, the forces which produce the gradual displace- 
ment depend on the elastic properties of the back fill, 
its structure, fineness, and, to a high degree, on the 
climatic conditions. 
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The fundamental difference between the two types 
of action can best be appreciated by recalling the estab- 
lished fact that, in nature, the top strata of all slopes 
consisting of cohesive earth move like glaciers, slowly. 
but irresistibly, down the hillsides, unless their inclina- 
tion is smaller than 4° or 5°, the speed depending on 
the slope, on the nature of the material, and on the 
climatic conditions (13). Slopes consisting of cohesion- 
less material (detritus slopes in desert regions) also 
move and flatten out, but in this case the movement is 
exclusively caused by temperature variations (identical 
with the cause of the pressure variations observed by 
J. Feld (3), and for equal slopes, the speed of the move- 
ment is very much less than for cohesive soils in humid 
climates. With respect to gravity action, a slope 
with an inclination of 10°, consisting of cohesive soil 
and in a humid region, may be so amply stable that no 
slide may occur even on making a side cut with a 
vertical face 20 feet high. Yet, the same material, 
prior to making the side. cut, may move at a rate of a 
quarter of an inch per year. 

Several facts disclosed the existence of this move- 
ment. One of them is the slight curvature of the lower 
parts of trees which reach a vertical position only at a 
certain height above the ground. On making a side 
cut with a vertical face 20 feet high and building a 
retaining wall with ample dimensions against the face 
thus obtained, the factor of safety against gradual dis- 
placement would be practically zero, because the 
chances are the crest of the wall will be forced out of 
its original position with at least the same speed with 
which the slope moved prior to the construction of the 
wall. The intensity of the active earth pressure can 
be computed by means of the earth pressure theory. 
It would in this case be equal to zero. On the other 
hand, practically nothing is known concerning the 
forces which tend to force the wall gradually out of 
plumb and concerning the resistance required to pre- 
vent the outward movement. The scarce data pre- 
sented in this paper are just sufficient to give us a 
qualitative conception of the factors involved and to call 
our attention to the existence of gradual displacements. 

From the little experience we have it seems that the 
heavier the wall the smaller are the displacements per 
year. It is not yet known whether it is always eco- 
nomically possible to prevent the gradual yield com- 
pletely. Until the behavior of abutments and retaining 
walls under different climatic conditions back filled 
with different materials is systematically investigated 
we can not even guess in advance the probable speed 
of the movement or the forces apt to be exerted by the 
advancing abutments against the bridge trusses. 

Gradual outward movements are ‘occasionally ob- 
served on sea walls back filled with fine, cohesionless 
sand and founded on sand or on piles. These move- 
ments are caused by factors not covered in this paper 
which deals exclusively with cohesive soils. 


CONCLUSIONS 


A digest of the published data concerning friction 
and cohesion of clay soils discloses the fact that the 
angle of internal friction of such soils is exceedingly 
small as compared with the slopes of our cuts and fills. 
(Table 2.) Hence, the stability of all our clay fills and 
clay cuts depends essentially on cohesion. Due to 
this fundamental fact, the factor of safety of slopes 
with a given inclination rapidly decreases beyond the 
critical ‘height at which the soil can stand with a 
vertical face. Hence, a stable fill of a certain height 
and consisting of a certain clay soil is no indication of 
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stability in a fill of twice that height, with the same 
slope and consisting of the same material. In com- 
puting the factor of safety of a cut or fill, the curvature 
of the sliding surface must be taken into account, else 
the results of the computation may be very misleading. 
The graphical procedure presented in this paper fur- 
nishes the means of making stability computations 
within a few hours. 

The figures furnished by the computation of the sta- 
bility of retaining walls only inform us about the 
stability of the walls with regard to the forces produced 
by the inert weight of the back fill (active earth pres- 
sure). There exists the possibility of the occurrence 
of forces which tend to press the wall gradually out of 
its original position and which are entirely independent 
of the active earth pressure. No relation seems to 
exist between these forces and the active earth pres- 
sure of the back fill. The intensity of the active earth 
pressure depends on the unit weight, the internal fric- 
tion, and the cohesion of the back fill, while the forces 
which tend to displace the wall gradually depend on 
the elastic properties of the back fill, its structure, and 
on the climatic conditions. The current practice for 
considering the existence of these nongravitational 
forces consists In computing the retaining walls as if 
cohesion were nonexistent. Due to the absence of 
any causal relation between the active earth pressure 
and the nongravitational forces, this practice, under 
favorable conditions, leads to structures with an ex- 
cessive factor of safety and which are uneconomical. 
On the other hand, under favorable soil and climatic 
conditions the walls are apt to gradually yield in spite 
of the apparent additional safety obtained by neglect- 
ing cohesion. In order to reduce the uncertainty 
associated with the design of retaining walls and 
abutments, a systematic investigation of existing re- 
taining walls and abutments seems highly desirable. 
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